The effect of leakage in Helmholtz resonators has been investigated in this predominantly experimental study combined with a computational effort. A prototype has been built with varying levels of intentional leakage due to holes in the baffle and gaps between the baffle and the housing. The transmission loss is then measured with different combinations of holes and/or gaps. Such openings, even though their cross-sectional areas are small, are found to have a significant impact on transmission loss. The effect of holes versus gaps is also compared as a function of the leakage area. The present study illustrates the critical need to account for such leakages at the design stage for the proper tuning of these resonators.
I. INTRODUCTION
Helmholtz resonators ͑HRs͒ are widely used in many applications, including engines, compressors, and ventilation systems as effective narrow band noise attenuators, particularly at low frequencies. As a result, an extensive literature has developed on this configuration dating back to Ingard ͑1953͒ who investigated the effect of neck geometry on the acoustic performance of HRs, as well as the interaction between a pair of circular necks. The studies that have followed Ingard ͑1953͒ on HRs are numerous, including Alster ͑1972͒ and Chanaud ͑1997͒, among others. This earlier literature has been elaborated upon by Selamet et al. ͑2005͒ , which will not be repeated here.
During the past decade, Selamet and co-workers furthered the understanding of HRs by implementing multidimensional analytical and computational approaches ͑Se-lamet et al., 1997 on circular concentric HRs; Selamet and Ji, 2000 on circular asymmetric HRs; Selamet and Lee, 2003 on HRs with extended necks; and Selamet et al., 2005 on HRs with fibrous material͒. The computational approach used in these studies primarily employed a multi-dimensional boundary element method ͑BEM͒. Of particular interest here is the work of Selamet and Lee ͑2003͒ where the acoustic performance of a HR with perforations on the neck extended into the cavity was shown to vary as a strong function of the porosity. Such perforations were found to increase the resonance frequency, while reducing the peak transmission loss ͑TL͒ particularly at small openings. At high porosities, the acoustic impact of walls of neck extension had essentially diminished, with the behavior approaching that of a HR in the absence of neck extension.
Acoustic impedance of small orifices has been studied by a number of investigators following Sivian's original work in 1935 Labate ͑1950͒, Bies and Wilson ͑1957͒, Melling ͑1973͒, Goldman and Chung ͑1982͒, Sullivan and Crocker ͑1978͒, and more recently Dickey and Selamet ͑1998͒ determined the acoustic impedance of small holes, while observing an increase in resistance in the nonlinear region with oscillating flow velocity at the orifice. The measured resistance and reactance can be applied to BEM for improved predictions of acoustic properties of a system. Lee et al. ͑2006a͒ measured the acoustic impedance of perforated plates for 11 different hole geometries as an extension of Sullivan and Crocker ͑1978͒, followed by an implementation of this impedance into BEM for acoustic performance predictions.
As illustrated in the foregoing studies, the resonance of a reactive HR is typically dictated by its cavity and neck geometry, including their dimensions and relative orientation. However, when the cavity has an additional passage besides the neck to communicate, for example, with the main duct, the resonance characteristics of the HR can be altered significantly. Such passages or "leakages" may be present in practical designs due to drain holes implemented into baffles ͑confining the HR cavity͒ and/or gaps between the baffles and the outer housing due to manufacturing constraints/ tolerances. Bemman et al. ͑2005͒, for example, reported louder exhaust tailpipe noise with increasing leakage in the HR at low engine speeds. However, they did not provide an explanation as to how the leakage affected the acoustic performance. The objectives of the present study are then to ͑1͒ investigate the leakage effect in HRs through systematic experiments with a prototype and ͑2͒ predict the resonance frequency by implementing a measured acoustic impedance of a small orifice into BEM.
Following this introduction, Sec. II develops the basics of the BEM model for a HR with leakage and describes the experimental approach to measure the acoustic impedance of a hole. Section III claborates on the prototype HR, followed by the discussion of experimental and computational results on the leakage effect in Sec. IV. The study is concluded with final remarks in Sec. V.
II. THEORY

A. BEM
A leakage model of a HR has been analyzed by BEM. Two domains used in the BEM model are designated in Fig.  1 by TA ͑highlighted͒ and TB. The domain TA includes the main pipe with inlet ͑A1͒ and outlet ͑A2͒. The domain TA is connected to TB ͑the HR volume͒ at the neck ͑A3͒ and the leakage ͑A4͒. At these connections, the absolute value of acoustic velocities ͑u A3 , u A4 ͒ is the same between two domains, with the directions being opposite. The acoustic pressure differentials at the connections may be expressed as
͑1͒
where Z 0 = 0 c 0 is the characteristic impedance of air, u A4 is the velocity within the hole, and A3 and A4 are the nondimensional acoustic impedances of the connecting areas which will be described later. Then, the impedance matrix defined by Lee et al. ͑2006b͒ 
where TA ij is the impedance matrix between i and j positions. The impedance matrix for domain TB can also be expressed as 
͑16͒
Finally, the TL can be determined from TL = 20 log 10 ͑ 
One approximation to a single hole impedance may therefore be to use such R and ␣ based on an equivalent porosity. An alternative approach would be to directly measure the acoustic impedance of the hole. Here, both approaches are adopted and contrasted. A circular plate 6 cm in diameter and 0.14 cm thick, as shown in Fig. 2 , has been fabricated to measure the acoustic impedance of a small hole 0.498 cm in diameter ͑corre-sponding to a porosity of 1%͒ and 2 cm away from the center. The hole is positioned intentionally closer to the perimeter to represent locations in actual hardware. An experimental setup for measuring the acoustic impedance of the hole is shown in Fig. 3 . Using two microphone method, the pressure difference across and velocity through the hole can be calculated. In view of Fig. 3 ,
The acoustic impedance of plate, defined by
may then be expressed by substituting, from Eqs. ͑20͒ and ͑21͒,
͑24͒
By further inserting
into Eq. ͑24͒ and rearranging yields explicitly where H ij = p j * p i / p j * p j , with p j * p i being the cross-spectrum between microphones i and j, and p j * p j the auto-spectrum at microphone j. The resistance R and the end correction coefficient ␣ of acoustic impedance obtained by these experiments for a specific hole and given by Lee et al. ͑2006a͒ for perforated plates are implemented into Eq. ͑8͒ for the BEM predictions of the leakage effect. The comparisons will be illustrated later.
The inherent multi-dimensional acoustic field in the immediate vicinity of neck/hole/gap and cavity or main duct has dictated in the present study the use of BEM capable of capturing such spatial variations. Yet, to develop an inherent understanding into the dramatic effect of "parallel" acoustic paths ͑here through holes and gaps͒ between the cavity of HRs and the main duct, a simplified lumped analysis has been provided in Appendix. The results for peak TL frequencies from such one-dimensional ͑1D͒ approach have then been compared with experiments ͑as well as BEM for holes͒ as elaborated within the Appendix for the hole and gap geometries described in the following section.
III. PROTOTYPE
A prototype HR, shown in Fig. 4 , has been fabricated, consisting of a main chamber, a cavity volume, a neck, and a baffle that splits the entire chamber into a HR cavity and an expansion chamber. The outer housing is removable so that the number of holes and gaps in the baffle can be controlled by blocking those. Figure 5 provides the details of the baffle designed with various holes and gaps to study the relationship between the open area and TL. In addition to the main duct and HR neck, there are 13 holes ͑identified by H1-H13͒ of 0.5 cm diameter and four gaps ͑identified by G1-G4͒ of 0.07 cm width. The length of the inside gaps ͑G1 and G3͒ are 7.55 cm, while the outside gaps ͑G2 and G4͒ are 8.44 cm. The holes are located 15°apart at a radius of 7.22 cm. The inner gaps are located at the same radius as the hole centers. The opening area is 0.196 cm 2 for a hole, 0.529 cm 2 for an inner gap, and 0.591 cm 2 for an outer gap; therefore, gaps have 2.7 ͑inner͒ to 3.0 ͑outer͒ times larger open area than a single hole. Figure 6 provides the dimensions of the prototype, including the main duct diameter of 4.9 cm; neck diameter and length of 3.6 cm and 8 cm, respectively. The baffle thickness is 0.14 cm.
IV. RESULTS
The TL of the prototype is measured on an impedance tube setup. Figure 7 compares the TL by opening holes gradually from H1 to H13 while keeping all the gaps closed. Holes are opened beginning with H1 until all 13 holes are opened. As the open area is increased, the resonance frequency increases, whereas the magnitude of the TL first decreases sharply followed by an increase. With the given dimensions of the prototype, the resonance frequency of HR is estimated to be about 100 Hz from the classical lumped model. The measured frequency and the magnitude of peak TL are summarized in Table I as a function of hole opening area. In the absence of any leakage, these quantities are measured to be 102 Hz and 29 dB, respectively. With one hole open ͑H1͒, the resonance frequency increases by 11% ͑to 113 Hz͒, and the magnitude decreases by 43% ͑to 16.6 dB͒.
As additional holes open, the peak frequency increases ͑up to 229 Hz with all 13 holes open͒, while the magnitude decreases first followed by an increase up to about 30 dB. Figure 9 compares the TLs with either a single hole or a gap open with different distances from the center of HR neck; the closest hole to the HR neck is H13 with 2.5 cm distance, and the farthest hole is H7 with 12.5 cm; the closest gap is G1 and one of the farthest gaps is G3. With any open hole, the frequency and magnitude of peak TL are measured, respectively, around 113 Hz and 16.6 dB regardless of the distance except H13 which yields 17.7 dB. With the same amount of gap opening, the attenuation behavior remains similar even though the location of each gap is different. The single gap opening exhibits about 138-140 Hz for the resonance frequency with a corresponding 14.5-15 dB in TL. Table III summarizes the frequency and magnitude of peak TL as a function of the opening location. Figure 10 compares TLs for the extreme cases of fully open holes and/or gaps, as well as a no-baffle case. As anticipated from earlier results, the peak frequency further increases when hole and gap openings are combined. The frequency of peak TL with no baffle is measured to be 497 Hz with a magnitude of 46.3 dB. In the absence of the baffle, the prototype is no longer a HR as it becomes essentially a quarter wave resonator. For example, using the overall length of 15 cm as a crude estimate ͑the effective length will be longer because of the 5 cm opening; recall Fig. 6͒ , the quarter wave resonance frequency becomes 571 Hz with a speed of sound c 0 = 343.2 m / s ͑at a room temperature of 20°C͒. Hence, if the leakage is substantial, the increasing frequency of peak TL approaches that of the quarter wave resonator. For the no-baffle case, BEM predictions are also superimposed in this figure, showing a reasonable agreement with the experimental results.
The behavior of the frequency and magnitude of peak TL as a function of opening area by holes or gaps is compared in Figs. 11 and 12, respectively. Figure 11 suggests that the frequency of peak TL shifts to higher values with increasing leakage, almost independent of whether the openings are due to holes or gaps. The magnitude of peak TL in Fig. 12 , however, exhibits some differences between the two types of openings. With a small amount of leakage, the peak attenuation is reduced similarly for both holes and gaps. With further increase in leakage, however, the holes reveal 3 -5 dB higher attenuation than gaps. Figure 13 shows the experimental results for nondimensional acoustic impedance ͑resistance and reactance͒ of a single hole considered in this study as a function of frequency. Sound pressure level has been controlled to maintain the input level the same at the orifice between acoustic impedance measurements and HR-TL experiments with leakage. The resistance and reactance of the hole are then curvefitted by Re͑ h ͒ = R = −0.000 003f + 0.004 782 ͑with 1% porosity͒ and Im͑ h ͒ = 0.000 061f, respectively. The latter leads, in view of Eq. ͑18͒, to an end correction coefficient of ␣ = 0.3859 for the hole. Figure 14 compares the TL between experiments and BEM predictions for a single hole open ͑H1͒, as well as the baseline with no leakage. The resonance of the latter is identical at 102 Hz between the experiment and BEM, whereas a discrepancy in peak TL magnitude is observed, presumably due to the acoustic impedance of the neck which BEM has treated as a simple opening ͑pressure difference is zero at the neck-cavity interface, A3 =0͒. When the hole is introduced with experimentally obtained R = −0.000 003f + 0.004 782 and ␣ = 0.3859, BEM exhibits an increase in frequency and a sharp drop in the magnitude of peak TL, in agreement with the experimental results. While the trend of increasing frequency and decreasing magnitude of TL peak is well captured in these predictions, the attenuation levels remain about 5 dB higher than the experiments for the reasons associated with the baseline HR. The acoustic impedance of perforated holes as suggested by Lee et al. ͑2006a͒ , R = 0.004 395, 0.005 013 and ␣ = 0.2471, 0.4473 corresponding to = 13.6% and 25.2%, respectively, are also used with BEM to assess its applicability to a single hole considered here. It may be observed that R and ␣ determined experimentally in the present study for a single hole provides a better match for the resonance frequency and magnitude near peak TL. Since TLs with acoustic impedances of ͑Lee et al., 2006a͒ show similar behavior at both porosities, comparisons hereafter will use = 25.2% only.
Two-hole ͑H1 and H8͒ open case is investigated next through BEM predictions as depicted in Fig. 15, along with single hole open results as superimposed from Fig. 14. Similar to the single hole open case, the experimentally obtained acoustic impedance shows a more reasonable match. Finally, the results are contrasted with the TL predictions employing zero acoustic impedance ͑ A4 =0͒ for the two holes. While this approach shows a frequency shift qualitatively in the right direction, neither the exact location nor the magnitude near peak TL agrees with the experimental results, rendering such a simplification inappropriate for the geometry considered here.
V. CONCLUDING REMARKS
As pointed out in the Introduction, in the commercial manufacture of mufflers, there are often holes in the baffles and gaps between the baffles and shell. When a baffle constitutes one of the chamber boundaries of a HR, the acoustic performance of the HR can be significantly impacted. A prototype HR has been built to study these phenomena with holes and gaps being intentionally implemented on the baffle to produce leakage. The TL is measured by gradually opening these holes and/or gaps on the baffle. The resonance frequency is observed to shift to higher values with increasing leakage. Peak TL is found first to drop drastically with small leakages, followed by an increase with further opening. At large openings or in the ultimate limit of no baffle in the prototype silencer, the TL behavior approaches that of a quarter wave resonator. The shift in resonance frequency with opening area appears to be independent of the type of leakage ͑hole or gap͒. The magnitude of peak TL reveals a similar behavior only at the small openings, whereas, at larger openings, holes yield higher TL than gaps presumably due to different acoustic characteristics of open areas. TL predictions have been performed to capture the effect of leakage by BEM which implements a measured acoustic impedance of the hole. The results are also compared with those obtained by using an acoustic impedance available in the perforated plate literature. While the latter captures the trends reasonably well, the former acoustic impedance determined here for a hole experimentally leads to a more accurate prediction of the frequency dependence of TL. Some discrepancy remains between the predictions and experiments in terms of magnitudes near peak TL, due possibly to non-negligible acoustic impedance of the neck interfaces, an aspect that requires further study in future.
APPENDIX
A leakage in HR is modeled, as shown in Fig. 16 , through an additional short neck. HR cavity volume and main duct are thus connected through both the HR neck and a small opening that provides an additional path of interaction besides the neck.
The acoustic pressure and velocity at each location i of this configuration may be expressed by
Boundary conditions at location I defined by pressure and volumetric velocity equalities may be written as 
͑A4͒
where S p and S n are the cross-sectional areas of main duct and neck, respectively. Similarly, other boundary conditions yield
where S c is the cross-sectional area of cavity, m 1 = S c − S n , and S t is the cross-sectional area of the hole. The algebraic manipulation of the foregoing ten equations ͓within Eqs. ͑A3͒-͑A9͔͒ leads to the following relationships for 11 unknowns ͑A i , i =1-6 and B i , i =1-5͒ expressed in the matrix format as 
The relationship between A 1 and A 6 may then be rearranged as
where TM ij are the matrix components at ith row and jth column. Finally, the TL of the HR with the leakage is determined from TL = 20 log 10 ͯ 
͑A13͒
The peak TL frequencies with leakage from both experimental results and the foregoing simplified 1D analysis are shown in Tables IV ͑for holes͒ and V ͑for gaps͒. The following approximate end correction coefficients ͑␣͒ ͓see, for example, Selamet and Ji ͑2001͔͒ are implemented into 1D analysis for the neck and leakage opening area: ␣ = 0.8217 for neck to main duct interface and both sides of leakage opening area, and ␣ = 0.6133 for neck to HR cavity interface. Without leakage, the peak TL frequency is 101 Hz from 1D analysis which matches well the experimental result. With the introduction of leakage, the peak TL frequencies increase markedly even though the amount of opening area is small. which would have been predicted by simply adding two areas in the expression for resonance frequency f = ͑c / 2͒ ͱ S / VL from lumped analysis, where c is the speed of sound, S is the neck cross-sectional area, V is the volume of the HR cavity, and L is the neck length. The reasonable comparison of trends in experimental vs 1D analysis results presented here demonstrates the dramatic impact of the additional small passage, which could not be predicted by simply enlarging the area of the original neck. However, it should also be noted that the 1D analysis performed here is not precise ͑particularly in representing the inertia of short necks͒ since it does not capture the multi-dimensional behavior of acoustics ͑other than through approximate end corrections͒. The clear agreement of BEM results also included in Table IV with experiments, on the other hand, illustrate the need for such a multi-dimensional approach for accurate predictions. 
